Abstract. We prove the conjecture of Kac-Wakimoto on the rationality of exceptional W -algebras for the first non-trivial series, namely, for the BershadskyPolyakov vertex algebras W (2) 3 at level k = p/2 − 3 with p = 3, 5, 7, . . . . This gives new examples of rational conformal field theories.
Introduction
Recently, a remarkable family of W -algebras associated with simple Lie algebras and their non-principal nilpotent elements, called exceptional W -algebras, has been discovered by Kac and Wakimoto [KW08] . In [KW08] it was conjectured that with an exceptional W -algebra one can associated a rational conformal field theory.
As a first step to resolve the Kac-Wakimoto conjecture we have proved in the previous article [Ara10b] that (non-principal) exceptional W -algebras are lisse, or equivalently [Ara10a] , C 2 -cofinite. Therefore it remains [Zhu96, Hua08] to show that exceptional W -algebras are rational, i.e., that the representations are completely reducible, in order to prove the conjecture. In this article we prove the rationality of the first non-trivial series of exceptional W -algebras, that is, the Bershadsky-Polyakov (vertex) algebras W is the W -algebra associated with g = sl 3 and it minimal nilpotent element.
Let us state our main result more precisely: Let W k denote the unique simple quotient of W (2) 3 at level k = −3.
Main Theorem (Conjectured by Kac and Wakimoto [KW08] ). Let k = p/2 − 3 with p = 3, 5, 7, . . . . Then the vertex algebra W k is rational. The simple W kmodules are parameterized by the set of integral dominant weights of sl 3 of level p − 3. These simple modules can be obtained by the quantum BRST reduction from irreducible admissible representations of sl 3 of level k.
For p = 3, W 3/2−3 is one-dimensional. In the remaining cases W p/2−3 are conformal with negative central charges. They have features in common with the sl 2 -integrable affine vertex algebras in the sense that their Zhu algebras are closely related with Smith's algebra [Smi90] and that the following relations hold: at level k = −3, which is the vertex algebra freely generated by the fields J(z), G ± (z), T (z) with the following OPE's:
As in introduction we denote by W k the unique simple quotient of W k .
This defines a conformal vector of W k with central charge
which gives J, G + , G − conformal weights 1, 1, and 2, respectively. Hence W k is Z ≥0 -graded with respect to the Hamiltonian L 0 . We expand the corresponding fields accordingly:
Then we have
be the irreducible representation of W k generated by the vector |ξ, χ such that
By Theorem 2.0.1, any simple W k -module is of the form L(ξ, λ) with some ξ and χ. (It is important that the lisse condition is defined independent of the grading.)
For
where
Hence we have the following assertion.
Proof. The assertion follows from the fact that
.
By solving the equation
we obtain the following assertion.
. 
Proof. Let L(ξ, χ) be a simple W k -module. Because :
are mutually non-isomorphic because their highest weights are distinct.
Proof of Main Theorem
Let k, p be as in Main Theorem. Let g = sl 3 as in introduction, h ⊂ g be the Cartan subalgebra of g consisting of diagonal matrixes.
, where E i,j is the matrix element. We equip g the invariant form (x|y) = tr(xy). 
which is given by the following assignment:
u1,u2 is the structure constant, ψ α (z), ψ * α (z) with α ∈ {α 1 , α 2 , θ} are fermionic ghosts satisfying
and the BRST differential is the zero mode of the field Note that ξ i,j = (λ i,j | −Λ 1 +Λ 2 ), χ i,j = (λ i,j |λ i,j + 2ρ) 2(k + 3) − (λ i,j |Λ 2 ), (2) whereρ =Λ 1 +Λ 2 .
Recall the following result of Malikov and Frenkel [MF99] .
